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Abstract 
 

In the situations of performance measurement, decision makers (DM) usually set up their 

performance rating under the circumstances (1) subjective judgment (2) qualitative measurement 

(3) uncertainty (4) group decision making. In order to consolidate each individual performance 

rating into summarized results, data aggregation method should be well selected both in respects 

of crisp data as well as fuzzy data. 

Likert Scale questionnaire is the common tool used for collection of individual judgment, 

and the calculated arithmetic average is assumed as the summarized results of investigated group. 

For crisp performance measuring data, outlier elimination methods should be applied as the 

filters of “bias data” to enhance the reliability of performance measurement. This research will 

propose Fuzzy Subsethood Measure as the “Outlier Elimination” method for fuzzy data analysis, 

which can reduce the impact weighting of “Outlier” thus adjust the calculated results escaping 

from the bias. 

The main purpose of this research is going to survey theory of group decision making, and 

data aggregation methods applied in scopes of performance measurement. The measuring data 

for criteria rating is collected in format of either crisp data or fuzzy number (expressed in types 

of triangular or trapezoidal fuzzy number). Data aggregation methods surveyed in this project 

include, simple arithmetic mean and geometric mean used in crisp data aggregation, fuzzy 

weighted average and fuzzy subsethood measure processed in fuzzy number.  

This research is a one-year’s survey project, the major contents will focus on group decision 

making, subjective and objective group consensus methods applied in criteria rating, and data 

aggregation for both crisp data and fuzzy number. Also an empirical performance measurement 

system, collected with Likert Scale questionnaires, would be just the real case study for purpose 

of system validation and accuracy assured.. 

 

Keywords: Performance Measurement, Group Decision Making, Fuzzy Subsethood 
Measure, Fuzzy Data Aggregation, Outlier. 
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Linguistic variables can be used as the expression to match with natural language, term and 

its related modifier (hedge) formed completed terms for full descriptions on the real case 

scenario (Yen and Langari1999). Fuzzy numbers, especially Triangular Fuzzy Number (T.F.N.), 

are adopted for imprecise or vague judgments, and their arithmetic calculation were provided by 

Kaufmann & Gupta (1991) as well as by Zimmermann (1991). Likert’s type questionnaire is the 

common tool used for collection of individual judgment, and the calculated arithmetic average is 

assumed as the summarized results of investigated group generally. We will demonstrate an 

empirical example in details as followings. 

Table 4-1 shows the linguistic terms and their corresponding T.F.N. for five criteria rating, 

they are (1, 1, 2) for Very Low(VL), (1, 2, 3) for Low(L), (2, 3, 4) for Medium(M), (3, 4, 5) for 

High(H), and (4, 5, 5) for Very High(VH) in respective. Figure 4-1 lists T.F.N. membership 

diagrams for these five criteria rating. 

 

Table 4-1: Linguistic terms and their T.F.N. for five criteria rating 

Linguistic terms Corresponding
fuzzy number 

Very Low (VL) ( 1, 1 , 2 ) 
Low (L) ( 1, 2 , 3 ) 

Medium (M) ( 2, 3 , 4 ) 
High (H) ( 3, 4 , 5 ) 

Very High (VH) ( 4, 5 , 5 ) 
 

 
Figure 4-1: Membership diagram for five criteria rating 

 

 According to calculation procedures of SbAM discussed in previous section. Degree of 20 
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paired fuzzy subsethood measure are calculated, where Sii = 1, S12 = 0.5, S21 = 0.25 

( � � 50.0~

~~
~,~

1

21
21 �

�
�

R

RR
RRS

  � � 25.0~

~~
~,~

2

21
12 �

�
�

R

RR
RRS ) and etc.. A 5x5 agreement matrix (AM) is 

constructed and listed in Table 4-2. 

 

Table 4-2: Agreement matrix for five criteria rating 

Criteria 
Rating 

VL L M H VH

VL 1 .5 0 0 0 
L .25 1 .25 0 0 
M 0 .25 1 .25 0 
H 0 0 .25 1 .25
VH 0 0 0 .5 1 

 

 The general formula for each summarized degree of subsethood measure Sij is listed in 

Table 4-3. For example, every questionnaire in group of Very Low(VL), would get s11 = (n1 - 1 ) 

and s12 = (.5 * n2) , then the summarized degree of subsethood measure (multiply n1) S11 = n1 * 

(n1 - 1 ) and S12 = n1 * (.5 * n2). If the number of questionnaire corrected is 50, and the number of 

questionnaire corresponding to each criteria rating are n1=2 for Very Low(VL), n2=5 for Low(L), 

n3=14 for Medium(M), n4=25 for High(H), and n5=4 for Very High(VH) in respective. Table 4-4 

list the calculation results while setting n1=2, n2=5, n3=14, n4=25 and n5=4 to corresponding 

contents of table 4-3. Then sum of each row, listed in column “Sum”, can be got easily, and the 

criteria weighting derived from SbAM method, listed in column “SbAM Wt.”, can be calculated 

via. individual row-sum divided by total row-sum.    

 

Table 4-3: Agreement matrix for five criteria rating with corresponding frequency 

Term (Fre.) VL (n1) L (n2)  M (n3) H (n4) VH (n5) 
VL (n1) n1 * (n1 - 1 ) n1 * (.5 * n2) 0 0 0 
L (n2) n2 * (.25 * n1) n2 * (n2 - 1 ) n2 * (.25 * n3) 0 0 
M (n3) 0 n3 * (.25 * n2) n3 * (n3 - 1 ) n3 * (.25 * n4) 0 
H (n4) 0 0 n4 * (.25 * n3) n4 * (n4 - 1 ) n4 * (.25 * n5)
VH (n5) 0 0 0 n5 * (.5 * n4) n5 * (n5 - 1 ) 

 

 

Table 4-4 : Example for criteria weighting calculation (SbAM vs. Equal Wt.)  

Term (Fre.) VL (2) L (5) M (14) H (25) VH (4) Sum SbAM Wt. Equal Wt. 
VL (2) 2 5 0 0 0 7 .006 .040 
L (5) 2.5 20 17.5 0 0 40 .036 .100 
M (14) 0 17.5 182 87.5 0 297 .266 .280 
H (25) 0 0 87.5 600 25 712.5 .637 .500 
VH (4) 0 0 0 50 12 62 .055 .080 
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Likert’s questionnaire is the common tool used for collection of individual judgment, and 

the calculated arithmetic average is assumed as the summarized results of investigated group 

generally. As comparison the results of criteria weighting calculated through SbAM and 

arithmetic average. Based on analysis data listed in table 4-4, we can get the conclusion that 

arithmetic average method set every DM in equal weighting (0.02), and the total weighting for 

every criterion is then calculated as 0.02 * ni. While applying SbAM method to determine 

weighting of each DM, viewing on the results in table 4-4, criterion High (H) with 25 DMs get 

higher weighting from 0.5 to 0.637, but criterion Very Low (VL) with 2 DMs just get less 

weighting from 0.04 to 0.006. Then we got the conclusion that, the more the concentration for 

DMs will get the larger impacts, and vise-versa. 
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    Methodologies for weights setting of DM under group decision making have been discussed 

in previous sections. We provide three sets of test data, each one contains three measurements in 

forms of T.F.N. arranged by three experts in respective. Table 5-1 lists these test data, weights 

setting via various approaches, and aggregated fuzzy measurement. 
1

~R ~
3

~R  represents individual 

fuzzy measurement, S~  represents aggregated fuzzy measurement, data in the same row 

corresponding to 
1

~R ~
3

~R  represent Weighs Setting via assigned approach. Each decision maker’s 

weighting is set equally and all measurements are aggregated via arithmetic average in 

traditional performance evaluation model.  Approach of arithmetic average neglects mutual 

interactions among DM, but the others include SAM, SbAM, LSDM, DLSM and OAM are all 

approaches of mutual interactions.  

Both SAM and SbAM are based on degree of “superposition” for each paired measurements. 

If “span” of all measurements are equal, then same conclusions will be got for both SAM and 

SbAM. Test data set 1 listed in table 5-1 demonstrates the conclusion. According to test data set 

2, if “span” of a certain measurements is varied, e.g. DM 2 revised its measurement from (2, 3, 4) 

to (1, 3, 5), and assumed the others were left unchanged. Based on test data set 2, we observed 

that results referred to SAM kept unchanged, while referred to SbAM, weighting of DM 2 has 

been reduced from 0.5 to 0.333 due to its measurement with wide “span” (less precise).  It’s just 

fit to the practical conclusion “the wider the decision range is, the smaller the decision effect 

should be”.  

 

Table 5-1: Comparisons for SAM vs. SbAM Methods 

 

 

 

 

 

 

 

 

 

 

 

 

  Methods
Test Data 

Arithmetic
Average 

 SAM SbAM 

� �
� �
� �

S

R

R

R

~
5,4,3~
4,3,2~

3,2,1~

3

2

1

 
0.333 
0.333 
0.333 
(2,3,4) 

0.250 
0.500 
0.250 
(2,3,4) 

0.250 
0.500 
0.250 
(2,3,4) 

� �
� �
� �

S

R

R

R

~
5,4,3~
5,3,1~
3,2,1~

3

2

1

 
0.333 
0.333 
0.333 
(1.67,3,4.3)

0.250 
0.500 
0.250 
(1.5,2.5,3.5)

0.333 
0.333 
0.333 
(1.67,3,4.33) 

� �
� �
� �

S

R

R

R

~
9,8,7~
5,3,2~
3,2,1~

3

2

1

 
0.333 
0.333 
0.333 
(3.3,4.3,5.7)

0.50 
0.50 
0 
(1.5,2.5,4) 

0.600 
0.400 
0 
(1.4,2.4,3.8) 
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Continue to review on test data set 3, measurement of DM 3 has no interaction to both DM1 

and DM2. Based on degree of “superposition”, there is no doubt about the fact that weighting of 

DM3 is set to zero. If weighting of a DM is set to zero, there is no effect on final conclusion, 

which can be looked as the filter to outliers. Both SAM and SbAM support functionality to sift 

normal data from outliers. Let’s review test data set 3 in deep, the measurement range of DM1 is 

less than that of DM2, in other words, the judgment from DM1 is more precise than that of DM2. 

It is obvious that weighting of DM1 would be larger than that of DM2. SbAM made it sense, but 

SAM seemed to have a bias. The bias existed in the instance that the one with more precise 

judgment has same effect to that with loose. 

 

    The decision weighting of each DM is set equally in traditional performance evaluation 

model, and arithmetic average is applied as the method for group data aggregation. Actually it is 

not fair and not reasonable, especially in case of outliers are existed. Once bias has been caused 

by outliers, it is far apart from the actual group consensus. Even then the calculation results will 

be varied from the various methods applied, but all methods discussed are all dependent on 

group interaction. One word to say, decision weighting of each DM is impacted by total decision 

group. 

The solution procedures of SbAM are similar to that of SAM provided by Hsu and Chen 

(1996). Both of them are based on degree of “superposition”, the only difference existed is that 

SbAM is derived from fuzzy subsethood measure, but SAM is derived from fuzzy similarity 

measure. Through the discussion in previous section, it is obvious that SbAM is prior to SAM 

while applying in group data aggregation.  
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