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Pricing and Hedging Derivatives in the Jump-Diffusion
Stochastic Volatility Models
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We consider the problem of pricing and hedging a contingent claim, in an incomplete
market where prices and volatility of traded assets can possibly undergo jumps. First we

determine the optimal ¢measure Q™. Then we use the optimal ¢ measure to calculate the
European call option price. Than we discuss about the optimal hedging strategy corresponding
to different Q. We also run simulation to show difference of European call option prices
under different Q probability measures, and compare the different corresponding hedging
strategies.

We can find some difference with European call option price under different Q@
probability measures. As qsmaller, European call price will be also smaller. And compare

different hedging strategy with general delta hedge under different Q@ probability measure,
we can observe that it is really superior to delta hedge from simulation result.

Keywords : Jump diffusion, stochastic volatility, Fourier transform, affine
jump diffusion process, equivalent martingale measure, g-optimal measure,
mean-variance hedging, and minimal entropy measure.
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S - pdt+o(t,Y)[a"dB, + 47N
t

3.1)
dV, = 4 dt+02(t,Y)[adB +a?dZ ]+ (¢, Y)[aPdN +a dN?]
# ¢ dB,dz, 5 & # W i&# 35 (Brownian Motion) » dN®,dN® 4 & * 3 iz
(Poisson process) * * % % .o, #0 » BB REa® >0 0 B,Z, NP, N 3 4p b

s AL 2 2,
>EEE

e R T s ORI R

_9Q
TP

T 1T e T e 1T @y
=exp(], —p0dB, —— | (A7) ds)exp(] —A1dZ, - [ (A?)'ds)  (3.2)
exp([ N+ A2)ING + [ Ind+ SO)IND)

exp([ 70N+ A2) - s+ [ 7@ lIn@+ ) - 59 1ds)

dB? =dB, + g"dt
dzQ =dz, + gPdt
(3.3)

dANO® = dN® + 50 gt

dN®® = dN®@ + 5@ g@dt

BOEHFRIEQZ T WiES 2\ F B AR e P A #0 38 (drift term) - O R
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VR P BARE T o A 0 S T enss B Sofic(intensity function) o i 4ot
S SR B Qa0 R B AR M-

% = (1, — pPaVa (t,Y,) - 7P PP (t,Y,))dt + o (t,Y,)[aPdBR + aff"del’Q] (3.4)

t

He 27 R @FRRQERIRGY 2 FRAE P LY, O F ik &

m=t+ AP0t Y) + 1 BPalo (1Y) =0 (3.5)
WS b e 2 FRAT g S

% = rdt+o(t,Y,)[a”dB? +aPdN?]
t

(3.6)
th — (yt\/ + 01(1) [a[(l)ﬂt(l) + 7t(1):Bt(3)at(3) + Gt(z)[a‘[(Z)ﬁt(Z) + 7t(2)ﬁt(4)at(4)])dt
+oP[a%dBR +a®dz2]+ 6P [a?dB +a?dZ ]

2

dost i Rl R EHT 0 AY, FOR TIF B UE R > SO AOM BT B L

Peingdc o Bitdo P EB g g O Y o B b e 2 AR A

T LR i

. BEIMNH
RTABRMAFET S5 - 5

« i qRR (q-optimal probability measure)
T e A P,Q » Grandits & 4 (1998) #_s

H,(P.Q) = E{qi_l(MT)Q}, if qeR\{0,3 (4.1)



H,(P.Q) = E{(-D**M{In(M,)}, if qe{0.3} (42)

£ M, :32 o F T - BFRAEQY B A mMNH,(P,Q) v BlfEdest s

R % Bif qiP| & (g-optimal probability measure)” °
BEGEQRIEY > q=012pF Lt p R HEAR R A D q=0p > QU
% B B8R B (MMM, minimal martingale measure) » ¢t #% 3 B & & B & &

minH g, (P,Q) #hig i » # ¢ H (P,Q) &

(0)
dffp ) 4.3)

H o (P.Q) = E-In(M, )} = E{-In(

QO F IR 2 T o it chgrtg > 45 locally risk-minimizing method
[ Schweizer (1999)] = s P 5 gl & QO Zvti— fri X RIRE P I 2 (strongly
orthogonal) = ELLM (equivalent local martingale measure) » ¥ 4cpt c7Q© 4 #74 th

ELLM ¥ » & @ Hy (P,Q) & & | vt~ fi2

¥ q=1pF > QW 5 & % ¥=p] & (MEMM, minimal entropy martingale
measure) -t # 5 B & Q‘l’ LR

minH ,, (P,Q) =min E{~-M, In(M)}= mlnE{——In( )} (4.4)

g fi e 194k BQU S TR L T AP E N s BE SR 0 § 81T
¥|”indifference utility pricing method” ® kb *& 4% % (risk-aversion) %-#cy =0 pF:- &
e > H AT PR R v & & £ T @k 2 (indifference utility hedging
method) [Frlttelll (2000)] -
#q=2,Q% s B % 3 8 & (VOMM, variance-optimal martingale

measure) > H 2 minH, (P,Q) & - jz » A ¢

min H,, (P,Q) = min E{2M;} = min E{Z(g—g)z} (4.5)



[Schweizer (1996)]z * ##7F (HELMM 2 ¢ > 4% % gl & QP 4 3| chigr g ok 5
mean-variance hedging strategy

FET ok o AR SRRk - B0 T e X p) & 3 (change of measure) izt
WIE AL S ZRMOV S e S B R e 3R & (real world probability) P
27T - BRI T kT S

ds,

?r=ﬂ@mmpuﬁha
t

(4.6)
dV, = a(t,V,)dt +b(t,V,)dw,

# 7 dW, = pdB, +1- p°dZ, > p 5 & # % i& # (Brownian motion) B, frW, z_ & &14p
A0S -

s Rl Rd PHREIIL G 2 FRAEQLT !

d ; 1 1

M, Ed_g ~exp(J] [-odB, ~—-0'du~, .V, )dZ, 4, (uV,)"du])

@4.7)
o a(uV,)-r
W

H

dB?::dBf+wdt:dBffﬁgi%%:£dt

t
dz® =dz, + A(t,V,)dt 48)

AW = pdBC + JI— p2dz® = dw, + p XUV = g AT 72tV Yot
t

N



(4.9)

VI 4 vy = = pPb( V) A (V. )]dt +b(E,V, )W,

N

BY A H R AR SR T 3§ 1 (market value of volatility risk) o i i 12 ¢
Sk o L ERE AR BRI R Y SRR LT BRI Y IS
Srdt o XA > BiEARDL 0 AP ROEFRIAREQLT A E FEINIEALKRE

dv, =[a(t,V,)-p

i)

1A R0 S BREEIE k5091 M dBR -

e Heston model

Fut¥ Ja i Hestonmodel T e S pl R 4 AZ TR A FRAEAP LT

SEUN S A

%:yduﬂda
t

(4.10)
dv, =k(0-V,)dt+ BNV, dw,
H 4 dW, = pdB, +1— p?dZ, » FER & ¢ > 15 R R Q
dQ T 1, 1 2
M =d—p_exp(jt [-dB, — odu—2,(uV,)dZ, -2 4, (u,)"du])
(4.11)



dBQ = dB, + wdt = dB, + £ L dt

W

dz2 =dz, + A9 (t,V,)dt (4.12)

AW, = pdBR +1— p?dZ2 = dW, + p L dt + 1= p? A(t,V,)dt

N7

PUC PR A b & ¢ 2 8 3R R Q 2 T« Heston model 3

%:rdﬁﬂda@
t

dV, ={k(0-V) - p(u— 1) B 1= P2 AV) AN It + BN AWS  (413)

EY R R o p R QW2 T » g Heston model ¥ 3

% = rdt +V,dB2"”
t

(4.14)
AV, ={k(0-V,) - p(u—1) 1= p2 A9 (t,V,) BNV, It + AV, dw,

129 Hobson(2004) » Henderson (2003) % 4 M &% » 3u 5 fl-qp° >0 chif i

270 A e F R R QWL T i § A s E

AV, ¥y ip BNVF TE (4.15)

2P FT-t)Z % &



F(T-t)= %tanh(AC(T —t) +tanhl(§)) -B
A* =(1-qp*)p*

k+QPﬂ§
B-—— "t
1-qp*)p?

r (k+qpﬂvﬁ)2
C=¢/la

_+—t|
Vt2 (1_qp2)ﬁ2
$9=012F » A% & x 7 pehqE > T EHF B PAD o

T R G R R o 1345 Tto’s Lemma ¢

dIns, :(r—\%)dt+\/vtdBtQ

in

B BFE LT 1

S TV, T
InS—Tt:r(T —t)—jt ?du+£ JV,dB?

S, =S, exp[r(T —t) —LT\%du +[ V.82

PlRcsN BT &7 =

CP =e "TVEY[(S; —K)']

_ efr(Tft)EQ[(St exp(r(T _t)—J;T\%dS+LT \/VSdBSQ)— K)']

=e T VEC[(S " exp(x)~K)']
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F_k

;
V, & drenfinT o Ap g - v od v=J.tVsds%\,7’p:rﬁﬁr g A fie X o

= sds+j JVawe ~ N(——-w (4.20)

Ly w2z N 92 T - ¥ . %% N .
Flet o FE Q2 Tev=[ Vdu T o BIC T AT T SR R

Se ™ v Se ™ v
In ——

CR = SE°N(—K—2)V,]-Ke " TVEIN(—F—2)|v,] (4.21)

Jv
G 3R QO T b BN E e A A A

Ster(Tft) +! In Ster(Tft) _X
c?” =SB IN(—K_——2)|v]-Ke OB IN(—K_—2)|v]  (422)

W W

(@)
HV h gQ” Q(q)ﬁg BB Z. TP o A P\?’mQ(Q)%,ﬁ BlR 2T » B F

A9 7 o % B B 86 4z (variance process) dV, 7 # 0 Fla EQT - B fud) e
RO R, R
FI¥aginen= 2 > PP NHEN GRS F QOB RIE L T i

In K LY In K v
Ster(T—t) 2 Ster(T—t) 2

N N )IVi]

RO = Ke T IE [N ) IVI-SEIN( (4.23)

BT OAFHA Y & 2 FE > & Heston model 22 T 38 Fost BB e
(4.22)ch12 % w0t it 1945 Peter Carr £ 4 (1998)e7k % » &b % ¢ = 8% BB Q
T NIRRT ORI KSR P ERS RO R LA

11



Cl=e"TYEQ[(S, —K) T=e"TVE[(e™ —€")"]

t

(4.24)
= [ e (e —e")g, (s)ds

#H*? s=InS, > k=InK > g,(s) 5 s (log-price of the underlying asset) & *& » =
FRBRQT S F B R Sl £ ¢ (X) 5 X, i #i(characteristic function)

$: ()= g (s)e™ds (4.25)

RypE = Emah B LRTS R R -y ke > 2T - B
" wsC B O+ (modified European call option price) |

c(k) =e*CQ (k) (4.26)

BE¥IE TBIHSAEERR ) 2 EE sy (V) 5

v, (V) = I:e”kc?(k)dk = j:eine“kCtQ (k)dk
(4.27)
_ f Mg L@ e "MV (e* —e")q, (s)dsdk

He l//T(V)—‘;’ VS NN

[ A-r(T=t) a(L+ativ)s 1
ey (V) = Loe e ((a+iv)(1+a+iv))qT(S)dS (4.28)

B %5 B e 1 CO(K) 7 A1 % iy (V) ek 4 (inverse transform) £ 77 =

e—ak © e—ak © i
R0 ="— | ey Wdv="—[ e ps W)dv
(4.29)
_ ek J“’Oefivkj“’O e—r(T—t)e(1+a+iv)5( 1 )qT (s)dsdv
0 = (a+IV)L+a+iv)

1% (829)3- 5 e % > T L ARG 2 RARZ TSR B A7 R
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Bates model

\rmL

R R s SRR P 2T 1245 Bates (1996) ©_s i Bates model

1;"_

% = pudt + WV, dB,+(Y ~1)dN,

t

(4.30)
av, =k(@-V,)dt+ BV, dw,

# ¢ dW, = pdB, +1- p°dZ, » Y -1 5 B8 78 (jump diffusion) sde tg + -] » PRIE_

lognormal 4 fe 5 dN, & B8 J1 I 5 > PRAE_Poisson 4 fie > 2 fodW, b

(Y —1) ~ log normal (i1, %)
(4.31)
dN, ~ Poisson()

% E 4 R B 3% [ %% El-Khatib (2000)]
_a@Q
TodpP
= eXp{LT [-wdB, —%a)zdu -29Wu,V,)dz, - %/15(” (uVv,)’du]} (4.32)

-exp{]| IA-n)dN, + [ A(n(1-7)+n)ds}
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dB?” = dB, +w(t,V,)dt

dz@" =dz, + 2@ (t,V,)dt

: 4.33
N (4.33)
AW, = pdBR +\1— p2dZ2 = p(dB, + wdt) + \1— p? (dZ, + A@dlt)

=dW, + (oW +4/1- p* 21@)dt
Bl QW s Fpl & 2. T > Bates model ¥ iz @ %
dsS, Q@ Q@
< =[u—wyV, Jdt + WV, dBZ" + (Y —1)dN;
t
(4.34)
AV, =[k(0-V,) - pwB N, —1- p2 29 B Tdt + g N w2
SR EERIEGY ZWFRIAET > FP WK E
y—Wﬁzhﬁi:sz (4.35)
W
i {7
dsS, a Q@ Q@
<= (r — fA)dt + WV, dB2” + (Y —1)dN;
t
(4.36)

AV, = [k(0-V,) — pwB N, —\1- p2 29 BN Jdt + BV, dw,

H iAot o SOp R &3 > BIF ¥ 3] Bates model T end g iR 0 iR T ORE
B F R R QYT R R il o

K A254(4.36)¢ > f1* Ito’s Lemma :

14



dinS, =(r —\é—;}/i)dtJr\/thBtQ +[(Y -1 - A —-JdNQ

2 3
Hoe
Az(Y—l)—(Y_l)z+(Y_1)3—(Y_1)4+-.-=jidv:lnY
2 3 4 Y
oA ) s 1 1
a—Yzl—(Y—1)+(Y—1) —(Y -1) +---_—1_[_(Y_1)]_Y
r:'l-i—]‘j

dInSt:(r—\%—ﬁi)du\/thBtQHnY-dNtQ
A ul S B A
N30 = (r— AA)T ~t) - [ ds+ [ V,dB2 +InY -NS
nS—t_(r—y )(I'—)—It? S+L JdBS +1InY - N,
S, =S,y " AT ) [ Yeds+ [T MBS
r =8 " expl(r - aA)(T ) - [ “ds+ [V, dB?]

BB R RT U i (419)5 Nt E

CtQ = eir(Tit)EQ[(ST - K)+]
T A TVs T N
=& TUERSY ™ expl(r - AA)T ~1) - [ s+ [T WV.dB])-K)']

=e"TYEQ[(SY Nr_y g (r=2A)(T-) exp(x) —K)*]

BRV 0 R EA P K AR
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(4.37)

(4.38)

(4.39)

(4.40)

(4.42)



x:—J‘tT\%ds+J‘tT\/VdeSQ ~ N(—%,v)

;
V= L V. ds
F] gt
n S.Y Nr-i g (r=AA)T 1) v
Q —AAT-) =0 S N K Z)G_AENH |V]
C:=Se™” E Y N
t t [N;_l ( NY N, ! t
n StY Nme(f—/ﬁ)(T—t) v
~Ke " TIN( = 2)1V,]
B2 QP S RIAT BN EOR T AT S
n S,y alr=aA)T-1) v
CQ(q) _ S e,/)i(T,t)EQ(q)[ i Y Ny, N( K E) e_;{/lNT—t |V
t t Ny =L \/\7 N; ! !
% Nme(f—ﬂi)(T—t) v
t _v
Zr(T— (@
_Ke T TIEQVIN( K 2)|V,]
W
e &3 B QPR AT > A PR AT S
n Ky
] ] o gy Nraglr-aAT- 2
PY” =" TIEQV[K Y N(—2 )IV]
In K _V
T )o@ & QY Nrglr=aAT- 2 o=2 INr
—Ste( LA)(T t)EQ( )[ z y Nra N( t ) |Vt]
Xy =1 \/V NT—t !
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(4.42)

(4.43)

(4.44)

(4.45)



o HRehErg R
G SRR T MBI PR RE S A AR o AP & BB S
RE QD,QY,QP T it Kvk > £ I 2 B H Nam ST R F S

LSS UM I €3 4 52 o

B op R QO el T > M e

%:rdﬁﬁdB?
t

(4.46)
dV, ={k(0 V)~ p(u—1) B~ 1- p? A0 (t V) AV, Yt + A W,

—{K(O-V,) — p(u—1)B—1- p? BN 3t + BNV dW©

B § DWW % A 5 “locally risk-minimizing method” o & Follmer (1990) % 3
POBR G- HKF s s RE-HERSEEE AL RE s A dX
PR T AR ER
dX =dC—-AdS =C.dS +C,dV —AdS = (C, —A)dS +C, dV (4.47)

Hoeod o

Cov(dS,dV) = E[ppV,dt] —rdt-k(0—-V,)dt = ppV,dt (4.48)
Var(dX) v 14kt 8 4

Var(dX) =Var((C, —A)dS, +C,dV)
=(C, —A)*Var(dS,) + C}Var(dV) +2(C, —A)C,Cov(dS,dV) (4.49)

—{(C, ~A)? +C2 5% +2(C, - A)C, Ao}V,dt

f& minVar(dX) -
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0 0 2 2 2
DVar(@X) = S{(C, A + G+ 2(C, - A)C, frV

(4.50)
={-2(C, —A)-2C, Bp}V,dt =0
Ft o e FREQY T s AT AL T S
A® =C{ + P cv<°> (4.51)
H9CAFRR QYL T R R N F
AQ =CO + pe C\sm
0 1 0 , Ke_r(T_t) 0 , 452
B N @]+ IN )] B NG, (4.52)
t
-1 0 ' —r(T- ° '
+p L COT - 040,8,E7 IN'(@)] - dyke ™ VES IN'(@,)])
t
;:1 =
S er(T—t) v S eI’(T t) Vv
In= K 5 In SR
d, = N d, = N (4.53)

B dop R QU enfER T b Btk et % 5 & B ook wg (indifference utility
hedging method) [Becherer & + (2001)] » Bk & F 4 e e s — 4p Hoddic
(exponential function)

.
ey(><+.[I H.ds,)

u(x)=e’*" = (4.54)

# Py i b kAR 2 Bic(risk-aversion parameter) © X; i F|H AL T & H B
T

Xp=x+[ HdS » s 5 Ed g t<s<T > XiidehFasfi  H

BDEFFhE e T A ELERE WFT A OFTAS HOHE ik g

2 (X, —HS,) ¥ e h "% T A ° ¥ F = o Bk H PRI
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et ek s T

Max[u(x)] =sup E[eymj' s

HeA

] (4.55)

%%E ;%*EC"%’R—E'F"”(:’D%C/§£

T T
( Hsdss) ( Hsdss -C )
sup E[e” “| ]=supE[e” “] e

HeA HeA

] (4.56)

7T g R TR s Eu() =0 » T

do@ —y(x+ [ Hsds,)
Q¥ _ e

s ~4p (4.57)
f2(4.57)5 8 3l end 8 B % 5 [Becherer(2004)]
8, S, oV, ySsVs
P C 5w F BN o dgi(452) 0 7 0 F
L —r(T-t) L
£=EVIN(d)]+ = E¥ [N'(d,)] & E¥[N'(d,)]
W S,
g -1 (u-r) (459
23N T —t)d,S.EQVIN'(d)] - d, Ke "TOEY IN(d, )]} +
pst (ZV)(T ){ 29t [ ( 1)] 1 [ ( 2)]} /SV

6. RAEHH

SR AE CEUREE S5 A ST TSNS ST St
W o 7 el SR QU T B :

r=0.04, £=0.10, #=0.0483, k =4.75, f=0.55 p=-0.569, S, =100

4.60
K =S, =100e°* ~104 (4.60)

B e Fpl R QYT b ko b NS, W E R eh @
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A9@tV,) =0, A®(t,V,) =0.0511, 1@ (t,V,) =0.1205 (4.61)

1 B30 A@ > Rwo B AR RN PR RIAE QYT » - &(252

B2 hp )Ryt B R A - iR ST

Stepl. £¥f - B P HBe > T3 Ev=[ VdS -

In Ster(Tft) !
Step2. = v it » BB LSNP o A FeE o T N( If/v 2) 1o
S er(Tft) Vv
"k 2
N
( N )
S er(Tft) Vv
In— +—
Step3. € 4F Stepl f- Step2 # =t » Bt N( If/_ 2) 4o
v

Ster(T—t) Vv Ster(Tft) v
In

+7
N—K  Zysmzme  we 5 0 Q' IN——K—— 2y V)40

N

Ster(T—t) Vv

ECIN(—K—2)jy,]

N

YR e W K =104 T 0 % e s Fopl B QO T i Bl ehge it B R
BHRASR
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P RS BB RS K ARl o R K=Se T B B R R

LREARAEEE S [

& W

C" =SLEVINCI IVI-EYING 20 VT (4.62)

FQEA ] VY B TR R Y S R e E L
K>Se ™ K<Se TV ehim » Rlgas 3 WAEY 2 qE < [ $5 N F 3
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Be 2B 465 atsFpaQ? - QP - QP T 448 : Fdhin * 9
EHE M Glcp > P BA R R A P RT  F p=—1F RN
BHEd o EE pARRIT- > WA OB AS AR S AR o

3RS FRIRT PR R R

Bt opl A QO T > 4345 Schweizer (1999) ¢4 =+ Boiff chigf ' 1% 4 5 “locally
risk-minimizing method”> # & F e & 5 B 8- H>F  F g1 2 vﬁ A F e oan
Lo TRAFEFFEFEBHRITIE P AR M ER 0 T fo- B A ¥ % (delta

oC
hedge » A=—")fat & ¢
9 a5 ) F

B i e e Ry

units

1 1 1 1
a0 100 150 200 250
period

(%)

W= @ 29 WA GRS R ES G E e ISR QY T arst
By H o S R @g otk o LR A (hedge error)4eT

error, =dC, —A.dS, (4.63)

AR - g e A (error) 0 H BV A hR R e T R
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